ABSTRACT _ An ambiguity in the calculation of CKM matrix elements from semi-leptonic decay rates is resolved: to every choice of scales for the quark masses in the phasespace factor and in the QCD-correction factor, there corresponds a specific QCDcorrection factor. This factor is modified in such a way as to make the final result independent of the scales. Specific expressions are given for the case of on-shell quark masses and for the case where both masses are taken at a single common scale. A calculation of lVcbl and IVub/Vcb 1 is carried out in view of these clarifications.
The above-diagonal elements of the Cabibbo -Kobayashi -Maskawa (CKM) matrix are best determined from semi-leptonic meson decays. The two elements IV&l and [Vu* I are determined from B decays. The B-meson, or correspondingly the b-quark, is heavy enough to allow the use of the spectator quark model for the calculation: r(B -+ Xqev,) = I?(b -+ qev,),
with Q = c or u. When the electron mass is neglected and all quarks are taken to be much lighter than the IV-boson, the spectator quark model gives:
BR(b t gev,) G$mz Tb = ~Fp~(P)FQCD(p)Iv,b I21 (2) with FPS and FQCD a phase-space factor and a QCD-correction factor respectively.
B_oth factors depend on the ratio 2 m!l p=-Yj. mb (3) In this work we address the following question: What is the appropriate ratio p to be used in the calculation of the semi-leptonic b-decay? Quark masses are running masses which depend on the energy scales at which they are taken, mq = mq(pq). The ratio p should really be written as b%4Pq)12
The above question can be rephrased into the following one: What are the scales pq and pb that should be used? The answer is [l] that we may choose any two scales p, and pb. To every choice of scales, there corresponds a specific &CD-correction factor. The functional dependence of FQCD on p is modified in such a way as to make the product F,,(p) FQCD(~) independent of the choice of scales. 2 We demonstrate the modification of FQCD(~) with two specific examples. We define ps as p s _ imdmb)12 = [rnb@b>12' (5) namely the ratio between the quark masses taken at a single common scale. We
namely the ratio between the on-shell masses. The relation between the two ratios, to first order m CY~, is given by
As the difference is O(~Y~), the phase-space factor (which is by definition zeroth order in LL~) has the same functional dependence on the respective p's for both cases:
The expression for Fps is well known:
However, the relation (7) implies that the QCD-correction factor is different for the two cases. The p-dependent terms in Fps induce a modification of FQCD. To first order in x we get:
Such a modification is necessary to give
which guarantees that the decay width is independent of the choice of scales in p.
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The QCD-correction factor is conventionally written as:
(12)
The functions f"(x) and f "( 2) that should be used for F&D (p") and FtcD(p") respectively are given, to first order in 5, by: it is the product of a factor of 2 from the relation between p" and ps (eq. (7)), a factor of 8 from the linear term in the phase-space factor (eq. (9)) and a factor of 3/2 from the definition of f(x) (eq. (12)).
For the case of on-shell masses, we were able to find the analytical expression for the QCD correction to all orders in the mass ratio. We now give the expression for the function h'(p) s FPs(p)fo(p): All previous calculations [4] of the QCD correction factor (beyond zeroth order in the quark mass ratio) were numerical: their starting point was the QED corrections to the differential cross section for muon decay, which is analytically known [5] . It was modified to describe QCD corrections to quark decays by the replacement REM -+ :a,. The correction to the decay rate was then calculated by a numerical integration over the differential cross section. In the original QED calculation, the masses are by definition on-shell masses: lepton masses are experimentally measurable, and these physical masses identify with the on-shell masses.
Consequently, the existing calculations of QCD-corrected quarks decays correspond to the mass ratio between on-shell masses. Moreover, our result for the on-shell case (eq. (14)) indeed agrees with the numerical integration results given for specific cases in ref. [4] .
We now apply the above results to the actual calculation of the matrix elements. 
We note that the QCD correction factor given in the literature, $r, indeed corre- 
We note that:
a. As the u-quark is lighter than AQCD, its mass is not well-defined on-shell.
What we would really like to use is the ratio m,/mb at a single common scale, as m, at scales above RQCD is well-defined and known:
p", FZ (82:) x lo-?
Eqs. (9) and (13) th en tell us that indeed pt can be safely put to 0. However, to zeroth order in the mass ratio, the different calculations identify: To conclude: The need for accuracy in the determination of the quark mixing
angles necessitates a refinement of the ingredients involved in the calculation. We concern ourselves with one such aspect: the quark mass ratio that should be used in the calculation of semi-leptonic decay widths. We are interested in the difference between calculations using the ratio between the on-shell masses and those using the ratio between the masses taken at a common energy scale.
There are three possible cases:
a. The ratio is close to 1. In this region the question is unimportant both in principle, as the two possible mass ratios are very close to each other, and in practice, as nature has not provided us yet with such a case.
b. The ratio is close to 0 (relevant to m,/mb). Here the question is interesting in principle, as for light quarks there is no well-defined on-shell mass. However, in practice the question is, again, unimportant because the mass ratio can be approximated to zero, and the calculations identify to zeroth order.
c. The ratio is non-negligible, but not too close to 1 (relevant to mc/mb). Here the question is important both in principle and in practice. We find that previous calculations, which were all numerical, correspond to the ratio between the on-shell masses.
We give an analytic expression for the QCD-correction factor to all orders in the ratio between on-shell masses. We also give useful approximations to the QCDcorrection when either the ratio between on-shell masses or the ratio between the masses at a single scale is used.
